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Theorem 1. (Taylor Series) Suppose that f is analytic in a disk {z € C | |z — 20| < R}. Then f
has the power series representation centred at z = 2y

f(z):i (z — 2)" Zf (z—20)" forall ze€{z€C| |z— 2| < R}.
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Remark : The Taylor series of f centred at a given point is unique. (a,, is unique)

Remark : This means that the infinite series converges for any z in the disk. (may not uniform!)
Remark : If f is analytic at some point zp, then it must be analytic in some small disk {z € C |
|z — zo| < e} such that we have a convergent Taylor series there.

Remark : If f is entire, then the Taylor series converges in the domain C = {z € C| |z — z| < o0}
for any zj.

Suppose we have a function f which admits a singularity at z = 2z, such that lim |f(z)| = oc.

Z—r20
f(n) ( Zo)
n!

It is clear that we do not have a Taylor Series for f since agp = f(z) is not defined! (a, =

are defined as well!)

Theorem 2. (Laurent Series) Suppose that f is analytic in an annulus {z € C| Ry < |z—z| < Ra}.
Then f has the power series representation centred at z = z
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where an:% C% (n:(),l,) andb _%/f Z—Zon 1dZ ( = ’) C is

any closed contour in the annulus.

Remark : The formula for a,, and b, here may be difficult to compute.

An important technique to compute the whole Laurent series is the following proposition :
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Proposition 1. (Geometric Sum) If |z| < 1, then 7
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Example 1. Find the Laurent series of f = — 1 centred at z = 2i in the region {4 < |z — 2i|}
z
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First, we observe that = - - |. We shall be careful that z = 2 is a singularity
22 +4 z—2i Z4+ 2

of f so it makes sense to consider the Laurent series of f. If we can find the Laurent series for Y
z+ 20
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then it is done since %7 is already ’good’.
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Second we find the Laurent series for 5 by proposition 1. We observe that
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Therefore,
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n=0

Example 2. Try to find a Laurent series of example 1 in the region {0 < |z — 2i| < 4}.

Example 3. Find the Laurent series of in the region {0 < |z| < g}
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Method of long division : We see that sinz = z — i + R + ..., by long division, we have
1 1z 728

The disadvantage is that we can not obtain the whole series. However, in this case, we do not have a
1

sin 2z

closed form of Laurent series for

Exercise:

1
1. Find the Laurent series of ———— in the region {0 < |z|] < 1} and {1 < |z|} respectively.

z(14 22)

2. Find the Laurent series of m in the region {0 < |z — 1| < 2} .



